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MINIMIZATION OF THE TOTAL HEAT INPUT FOR MANNED VEHICLES 

ENTERING THE EARTH'S ATMOSPHERE AT HYPERBOLIC SPEEDS 

By Alvin Seiff and Michael E. Tauber 
Ames Research Center 

SUMMARY 

The use of conical entry bodies to control the radiative and minimize the 
total heat input to manned vehicles is investigated with an imposed accelera- 
tion limit on two types of hyperbolic shallow-angle entry into the Earth's 
atmosphere. The local Reynolds number is limited to retain laminar boundary 
layer. The equations permit any desired values of the acceleration and local 
Reynolds number limits and of the body radius, body density, and heat-shield 
material properties. Numerical examples are given for a range of Reynolds 
number limits, three body radii, and two heat-shield materials. 

The dependences of the convective and radiative heating rates on air 
density, velocity, cone angle, and base radius are written and integrated over 
the trajectory in an expression which is particularly simple for nearly hori- 
zontal flight. The major reduction in convective heating due to transpiration 
from the heat shield is included, although somewhat uncertainly for the higher 
speeds. The heat inputs are expressed as fractions of the vehicle kinetic 
energy at entry to obtain a dimensionless figure of merit for comparing cases 
of different vehicle mass or entry velocity. Trajectories analyzed include 
constant altitude deceleration and constant Reynolds number descent. The 
latter is the trajectory of minimum convective heat input for a given Reynolds 
number limit, and of minimum total heat input in cases where the radiative 
contribution is small. Aerodynamic lift required to follow these trajectories 
is discussed. 

For any specified set of entry conditions, the cone angle has an optimum 
value which diminishes with increasing entry velocity. The optimum cones gen- 
erally have small total radiative heat input compared to convective. For cone 
angles larger than optimum, the radiative and total heat inputs can become 
many times greater than the optimum. The total heat input energy fraction is 
a sensitive function of body size on acceleration-limited entries. It is 
smallest for large bodies of the order of 3- to &-meters base radius - for 
example, less than 1 percent of kinetic energy at entry for velocities up to 
about 24 km/sec. The corresponding mass loss may be less than 20 percent of 
total mass at entry. With small bodies or very low Reynolds number limits, 
the optimum energy fraction is increased several fold. While the heating may 
be manageable, the requirements for lift-drag ratio and acceleration limiting 
appear to become difficult to satisfy aerodynamically with optimum cones on a 
single pass at entry velocities above about 25 km/sec. 



INTRODUCTION 

As  space f l i g h t  missions go t o  progressively grea te r  d i s tances  from t h e  
ear th ,  t he  speed of en t ry  i n t o  t h e  atmosphere on r e tu rn  t o  e a r t h  tends t o  
increase.  Thus, in te rcont inenta l  b a l l i s t i c  vehic les  and near-earth s a t e l l i t e s  
en ter  t he  atmosphere at 6 t o  8 km/s; re turning lunar  vehicles ,  a t  11 km/s; 
and vehic les  re turning from the  near p lane ts ,  at speeds as high as 20 h / s .  
S t i l l  higher en t ry  speeds a re  l i k e l y  t o  a r i s e  i n  connection with fu tu re  
missions not ye t  considered i n  d e t a i l .  

A t  t he  lower speeds, t h e  en t ry  heating has been readi ly  control led by the  
use of configurations which d i r e c t  most of t he  vehicle  k ine t i c  energy i n t o  
heating the  atmosphere ( r e f .  l), and by t h e  use of ab la t ion  sh ie lds  which 
block and absorb the  energy converted t o  heat  i n  the  boundary l aye r .  However, 
the  t o t a l  energy t o  be d iss ipa ted  (per  u n i t  of vehicle mass) increases  with 
the  square of en t ry  ve loc i ty ,  and, as w i l l  be shown, the  f r a c t i o n  of t he  
vehicle  k ine t i c  energy deposited as heat i n  the  body a l s o  tends t o  increase 
with en t ry  ve loc i ty .  
v e l o c i t i e s  depends on maintaining t h i s  heating energy f r a c t i o n  s m a l l .  

Successful so lu t ion  of t he  heating problem at high en t ry  

The p r inc ipa l  mechanism f o r  body heating at v e l o c i t i e s  l e s s  than 10 km/s 
i s  boundary-layer convection. A t  higher ve loc i t i e s ,  t he  gas i n  the  shock layer 
may a t t a i n  temperatures wel l  i n  excess of 10,OOOo K and r ad ia t e  subs t an t i a l  
amounts of energy at o p t i c a l  and u l t r a v i o l e t  wavelengths ( r e f .  2 ) .  This rad i -  
a t ion  f a l l i n g  on the  body tends t o  become the  predominant heating mechanism 
f o r  blunt  bodies and increases  the  f r a c t i o n  of t he  vehicle energy converted t o  
body heat input .  

While the  in t ens i ty  of rad ia t ive  heating at any wavelength cannot exceed 
t h a t  of a black body a t  the temperature of  the shock l aye r  and, f o r  some low 
a l t i t u d e  f l i g h t  conditions,  may approach t h a t  l i m i t  , such heating r a t e s  would 
general ly  be considered unacceptably la rge .  For example, at the  modest shock- 
layer  temperature of 6300~ K, the  black body i n t e n s i t y  i s  lo5 kW/m2. Heating 
r a t e s  a re  a l so  l imited by t h e  energy ava i lab le  i n  the  incident flow. For t he  
port ion of the  t r a j e c t o r y  where the  decelerat ion i s  large,  t he  avai lable  flow 
energy i s  a l so  large ( ( 1/2 pV3A = max V/CD),  and subs t an t i a l  f r ac t ions  of it 
can be radiated toward the  body. Thus, these  two l imi t ing  e f f e c t s  do not 
prevent t he  rad ia t ive  heating from assuming very large values .  

It has been shown i n  references 3 through 6 t h a t  r ad ia t ive  i n t e n s i t y  i s  
reduced f o r  bodies, such as cones, which have oblique bow shock waves. A s  i s  
well  known, the  oblique shock wave i s  equivalent t o  a normal shock wave a t  the  
lower f l i g h t  ve loc i ty  U = V s i n  Ow. Furthermore, the  r ad ia t ive  emission 
behind a normal shock wave var ies  as a high power of the ve loc i ty  ( r e f s .  2 and 
5) so  t h a t  sweepback of the shock wave of fers  a powerful means of reducing 
rad ia t ive  input.  Bodies having oblique shock waves, however, exhib i t  smaller 
drag coef f ic ien ts  than blunt  bodies, and t h i s  r e s u l t s  i n  increased convective 
heat  input,  as will be shown. Therefore, an optimum cone angle w i l l  be found 
which minimizes the  sum of convective and r ad ia t ive  inputs.  The analysis  of 
reference 5 def ines  these optima f o r  b a l l i s t i c  entry.  It w a s  found t h a t  the  
f r a c t i o n  of en t ry  k i n e t i c  energy t h a t  enters  the  body as heat  may be kept 
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below 0.01 at optimum f o r  en t ry  ve loc i t i e s  t o  30 km/s, i f  the t r a j ec to ry  i s  
l imi ted  t o  a peak Reynolds number below the  t r a n s i t i o n  Reynolds number. It 
follows t h a t  such high-speed e n t r i e s  might be made with a r e l a t i v e l y  slnall 
heat-shield mass loss .  

The vehicle  accelerat ions on b a l l i s t i c  en t ry  a t  such v e l o c i t i e s  a re  large,  
hundreds t o  thousands of times t h e  e a r t h ' s  g rav i t a t iona l  accelerat ion,  and are 
far i n  excess of human to le rance .  The question of optimum bodies f o r  manned 
en t ry  at hyperbolic speeds therefore  remains t o  be t r e a t e d  and i s  the  present 
subjec t .  The r e s t r i c t i o n  t o  su i tab ly  low l eve l s  of accelerat ion i s  obtained 
by choice of t r a j e c t o r i e s  of shallow angle, sometimes ca l l ed  grazing t r a j e c -  
t o r i e s .  
decelerat ions and constant Reynolds number descents.  The l imi t a t ion  imposed 
on en t ry  by the  l i f t  required at supercircular  speeds is  considered. Optimum 
cone angles a re  defined, and the  f r ac t ions  of en t ry  k ine t i c  energy t h a t  go 
in to  heating the  body a re  calculated.  Simplifying assumptions a re  made, so as 
t o  obtain genera l i ty ,  and a range of en t ry  parameters i s  considered. The 
heating ana lys i s  f o l l o w s  t h a t  of reference 5 .  The problem of ab la t ing  the  t i p  
during en t ry  i s  analyzed t o  determine i f  an e f f ec t ive ly  sharp conical  body can 
be maintained. 

Two kinds of grazing t r a j e c t o r i e s  are t r e a t e d  - constant a l t i t u d e  

and 

a 

a 

A 

B 

- 

cP 

CC 

CD 

Ce 

CH 

Cn 

D 

Preliminary r e s u l t s  of t he  ana lys i s  have been given i n  references 7, 8, 
9. 

NOTATION 

en t ry  vehicle accelerat ion,  m / s 2  

shock-wave area,  m2 

body f r o n t a l  area,  m2 

b a l l i s t i c  parameter, cDpoA/pm s i n  YE 

gas spec i f ic  heat a t  constant pressure, J/kg OK 

laminar convective constant (eq.  ( 17) ) , ( s / m ) j m o *  

drag coe f f i c i en t ,  dimensionless 

equilibrium rad ia t ive  constant (eq .  (10) ) , (W/m3) (s/m) 
heat - t ransfer  coef f ic ien t ,  dimensionless 

nonequilibrium rad ia t ive  constant ( eq. (13) ) , ( W/m2) (s/m) 

drag force,  N 

9 
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i 
F 

g 

h 

h t  

H 

i 

I 

j 

k 

K 

KC 

L 

m 

Nu 

power rad ia ted  from gas i n  shock layer ,  W 

convective heating co r re l a t ion  constant (eq .  (Al)), ( m / s ) 0 ' 3 6  

acce le ra t ion  due t o  grav i ty ,  m / s 2  

l o c a l  s t a t i c  enthalpy, J/kg 

streamline t o t a l  enthalpy, J/kg 

heat input in tegra ted  over body and over t ime, J 

defined i n  equation (13) 

laminar convective heat ing i n t e g r a l  (eq .  (29)), (m/s) 

ve loc i ty  exponent ( eq .  (16) ) 

constant (eq .  (35 ) )  

j +2 

pV, a constant on constant Reynolds number t r a j e c t o r i e s ,  kg/m2s 

a / ( ,  ( s / d 2  

l i f t  force ,  N 

en t ry  vehicle  mass, kg 

Nusselt number (eq .  (A2)) 

densi ty  exponent (eq .  ( 10) ) 

cone surface pressure,  N/$ 

veloc i ty  exponent (eq. (LO) ) 

l o c a l  laminar convective heating r a t e  (eq. (A2)), W/m2 

free-stream dynamic pressure,  appendix C, N/m2 

body base radius,  m 

body nose radius,  m 

gas constant,  kg OK 

Reynolds number based on base radius and free-stream air  proper t ies  

Reynolds number based on s l a n t  length  and proper t ies  a t  boundary- 
l aye r  edge 
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X 

Xn 

Y 
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a 

CGt 

P 

Y 

6 

5 

@ C  

m a x i m u m  allowable value of Re, 

radius of planet ,  m 

ve loc i ty  exponent (eq.  ( 13) ) 

s l a n t  length of cone 

time, s 

temperature, OK 

air  ve loc i ty  i n  t h e  shock layer ,  r e l a t i v e  t o  t h e  body, m / s  

component of f l i g h t  ve loc i ty  normal t o  shock wave, m/s 

veloc i ty  of change i n  the  equilibrium rad ia t ive  constants,  13,700 m/s 

volume, m3 

f l i g h t  ve loc i ty ,  m/s 

near-ear th  s a t e l l i t e  ve loc i ty ,  7900 m / s  

en t ry  vehicle  weight, N 

range measured along f l i g h t  path,  m 

r a t e  of axial regression of t he  t i p  due t o  ab la t ion ,  m / s  

a l t i t u d e ,  m 

moles per o r i g i n a l  mole 

t r ansp i r a t ion  effect iveness  parameter 

t r i m  angle of a t t ack  

rec iproca l  of atmospheric scale  height (eq .  (c18)), m-l 

f l igh t -pa th  angle below hor izonta l  

shock-wave standoff dis tance (eq. ( E k ) ) ,  m 

energy t o  ab la t e  u n i t  m a s s  of heat  shield,  J/kg 

, dimensionless 
mvE2/2 

cone half-angle 
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( * I  

C 

c l  

CO 

e 

E 

2 

min 

n 

0 

opt 

s t  

W 

X 

Y 

E 

2 

conica l  bow wave half-angle 

gas v i scos i ty ,  kg/m*s 

air densi ty ,  kg/m3 

P/ Po 

body dens i t y  , kg/m3 

value of $ f o r  V + co (eq.  (18)) 

QC/CHCo 

der iva t ive  with respect  t o  time 

Sub s c r i p t  s 

laminar convective 

c o l l i s i o n  l imi t ing  

laminar convective i n  absence of ab la t ion  

e qui l i b  r ium rad iat ive 

at en t ry  in to  the  atmosphere 

l imi t ing  o r  m a x i m u m  permissible value 

minimum 

nonequi l ibr im rad ia t ive  

ea r th  sea- leve l  condition 

opt imum 

stagnation point 

evaluated at vehicle  surface 

hor izonta l  component, o r  component along the  f l i g h t  path 

v e r t i c a l  component, o r  component normal t o  f l i g h t  path 

evaluated at boundary-layer edge 

shock-layer proper t ies  

Stream propert ies  without subscr ipt  a r e  evaluated i n  the  f r e e  stream. 
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ANALYSIS 

Heating Equations 

The rate of heat energy input t o  a vehicle  f ly ing  i n  the  atmosphere may 
be expressed as a f r a c t i o n  C-H of the  k ine t i c  energy pV3A/2 of t he  air  
intercept ing the body per  u n i t  time 

To s a t i s f y  t h e  conservation of energy, the heat  - transf er coef f ic ien t  CH 
defined by equation (1) cannot exceed 1.0. 
t o t a l  drag force  per u n i t  time 

The work converted t o  heat by the  

r e s u l t s  p a r t l y  i n  heating the  atmosphere and p a r t l y  i n  heating the  en t ry  
vehic le .  That i s ,  dH/dt < DV, SO t h a t  CH/CD i s  l e s s  than 1 and represents  
t h e  f r a c t i o n  of t h e  work done by t h e  drag force which goes in to  heating the  
vehicle .  

The t o t a l  heat  input on a t r a j ec to ry  i s  obtained by in tegra t ing  
equation (1) 

Equation ( 3 )  i s  evaluated i n  reference 5 f o r  r e c t i l i n e a r  b a l l i s t i c  en t ry  in to  
an exponential  atmosphere. For other t r a j e c t o r i e s ,  it can be integrated if 
t h e  dependence of CH, p, and V on t i s  es tab l i shed .  Since CH can be 
expressed as a complicated funct ion of 
r e l a t i o n s  between p, V, and t which permit the  expression of t he  i n t e g r a l  i n  
terms of one var iab le  a re  sought. These r e l a t i o n s  a re  provided by the  
t r a j ec to ry  equations. 

p, V, and rb f o r  a given body shape, 

The r a t e  of ve loc i ty  change along t h e  f l i g h t  path may be wr i t ten  

mg s i n  7 ( 4 )  = CD PV2A - 
2 -m - a t  

For t r a j e c t o r i e s  within t h e  atmosphere, with the  
drag force comparable t o  o r  la rger  than the  weight, 
and at s m a l l  values of 7 ,  t h i s  becomes, very 

W 

Sketch (a) c lose ly, 
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from which 

Thus, f o r  f l i g h t  at  or near zero path angle 7, equation (3)  becomes 

H =  f 3 mV dV 
0 cD 

which depends on p only through the  dependence of CH on p .  For reference,  
it i s  informative t o  consider t he  case 
vehicle  mass, equation ( 6 )  may be integrated t o  obtain 
Here, CH/CD 
converted t o  body hea t .  With CH var iab le ,  t he  t o t a l  heat input H may s t i l l  
be expressed as a f r a c t i o n  q of t h e  k ine t i c  energy of the  vehicle  at en t ry  

CH/CD = constant .  Then, with constant 
H = (cH/cD)(mvE2/2). 

i s  seen t o  be t h e  f r a c t i o n  of k ine t i c  energy at en t ry  which i s  

where 7 i s  a weighted mean value of CH/CD, defined by combining equations (6) 
and ( 7 )  t o  obtain,  f o r  a constant vehicle  mass, 

It i s  seen t h a t  q may be made s m a l l  by minimizing the  a rea  under the  curve 
(CH/CD)V as a funct ion of V .  Note t h a t  equations ( 7 )  and (8)  show t h a t  t he  
t o t a l  heat input i s  inversely proport ional  t o  drag coef f ic ien t  . 

The m a s s  l o s t  by ab la t ion  may be wr i t ten ,  f o r  cases where t h e  heat stored 
i s  s m a l l  compared t o  t h a t  r e su l t i ng  i n  ablat ion,  

@.m - ?'E2 
mE 25 
- - -  ( 9 )  

where 5 i s  t h e  energy absorbed per un i t  mass of mater ia l  ablated.  

The Heat -Transf e r  Coefficient 

The hea t - t ransfer  coef f ic ien t  CH i s  a funct ion of the  f l i g h t  ve loc i ty ,  
stream densi ty ,  body shape and s i ze ,  atmospheric composition, and nature of 
t h e  boundary layer .  Even when the  boundary layer  i s  laminar, t he  heat  t r ans -  
f e r r ed  by convection at  the  speeds considered i s  very large; while with a 
turbulent  boundary layer ,  t he  convective heat input integrated over t he  tra- 
jec tory  i s  from 5 t o  10 times la rger  ( r e f .  5 ) .  
define conditions of minimum t o t a l  heat input,  and these w i l l  c l e a r l y  corre-  
spond t o  those which maintain a laminar boundary layer .  It i s  assumed t h a t  
laminar f l o w  can be maintained by r e s t r i c t i n g  the  l o c a l  Reynolds number below 

The present ana lys i s  seeks t o  

a 



some specif ied l i m i t .  The appropriate c r i t i c a l  value or  values f o r  t h i s  l i m i t  
are present ly  unknown f o r  conditions of high t o t a l  enthalpy flow over an 
ab la t ing  surface.  Therefore, t h e  value t o  be chosen i s  t r ea t ed  as a parameter 
of t he  ana lys i s ,  and t h e  ana lys i s  i s  r e s t r i c t e d  t o  a consideration of t he  
laminar flow boundary layers .  

The hea t - t ransfer  coe f f i c i en t  i s  necessar i ly  t r e a t e d  i n  th ree  pa r t s ,  t h e  
laminar convective contr ibut ion,  C H ~ ,  t he  equilibrium rad ia t ive  contr ibut ion,  
C&, and t h e  nonequilibrium rad ia t ive  contr ibut ion,  CFn. The l a t t e r  two 
a r e  assumed t o  be given by equations from reference 5, reproduced below. 

The rad ia t ive  power emitted per  u n i t  of shock-layer volume at  equilibrium 
i s  

where U = V s i n  0~ 
p = p/po. 

i s  t h e  component of ve loc i ty  normal t o  t he  shock wave and - Values of the  constant and exponents are, for air ,  

q, = 15.45 

p = 1.80 

and 

U < 13,700 m / s  i I 

s, = 5.05 

p = 1.80 

U > 13,700 m / s  i I 
with p0 = 1.2251 kg/m3. The equilibrium rad ia t ive  component of CH may be 
wr i t ten  

Values of t he  wave angle 
f igures  35 and 36 of reference 5 ,  based on t h e  ana lys i s  i n  appendix B of t h a t  
reference . 

0, f o r  cones in high ve loc i ty  flow a re  given in  

lFor considering t h e  dimensional consistency of equation (E),  note t h a t  
i n  the  mks 
Similarly,  i n  equations (l3), (14), and (15) t h e  W/m2 i s  i d e n t i c a l  t o  t h e  kg/s3. 

system t h e  W/m3 i s  i d e n t i c a l  t o  the  mechanical u n i t  kg/(m)s3. 

9 



The nonequilibrium radiative power u n i t  of shock-wave surface i s  assumed, 
following arguments given i n  reference 2, for example, t o  be a funct ion of t h e  
ve loc i ty  U only, above a c e r t a i n  ambient dens i ty  pc2 

where 

and we have used Fc2 = lom3 as i n  reference 5 .  

In  the  "co l l i s ion  l imited" regime i = 1, while for p > pC4 ,  i = 0, and 
t h e  nonequilibrLum component of t he  hea t - t ransfer  coe f f i c i en t  whlch follows 
from t h i s  is  

The convective hea t - t ransfer  coe f f i c i en t  may be 
ana lys i s  of equilibrium r e a l  air boundary-layer heat 
( r e f .  IO), 

w i t h  

wr i t ten ,  based on a recent  
t r a n s f e r  t o  pointed cones 

j = 116 

It w i l l  be noted t h a t  t h i s  coe f f i c i en t  and exponent d i f f e r  from those given i n  
reference 5 .  
given i n  reference 10, and compares the  values of 
reference 5.2 

Appendix A der ives  equations (16) and (17) from t h e  co r re l a t ion  
CQco with those of 

The convective heat t r a n s f e r  i n  the  presence of ab la t ion  i s  reduced by the  
t r ansp i r a t ion  cooling e f f e c t  of t h e  ab la t ion  vapors. 
assume 

Following reference 5 we 

-___ 
q a l u e s  of Cc and j derived i n  appendix A f o r  Tw = 30000 K, and pw 

between 0.1 and 1.0 atmosphere a r e  1.16~10-4 and 0.14, respect ively.  For 
v e l o c i t i e s  between 10 and 20 km/s, values of 
and those of equation (1.7) d i f f e r  by l e s s  than 5 percent.  
j = 1/6 i s  advantageous because it permits in tegra t ion  of t he  convective heat-  
ing over t he  t r a j e c t o r y  i n  closed form, as w i l l  be shown. 

C H ~ ~  given by these constants  
The choice of 
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where 
depends on the  molecular weight of t h e  ab la t ion  products ( r e f .  ll), 5 i s  the  
energy per un i t  m a s s  (mechanical energy u n i t s )  required t o  hea t ,  d i ssoc ia te ,  
and vaporize the  ab la t ion  mater ia l ,  and cs i s  an assumed asymptotic value of 
C H ~ / C H ~ ~  f o r  i n f i n i t e  ve loc i ty .  

Kc = a/[, a i s  a laminar t r ansp i r a t ion  effect iveness  parameter t h a t  

With 0 = 0, equation (18) gives  Jr = 0 at  i n f i n i t e  ve loc i ty .  This cor- 
responds t o  i n f i n i t e  e f f ec t ive  heat of ab la t ion  (a  concept not used here in)  at 
i n f i n i t e  t o t a l  enthalpy. Provision of t he  term cs as an asymptotic l i m i t  of 
Jr for V + w i s  based on experimental r e s u l t s  from Ames Research Center a r c  
j e t  f a c i l i t i e s  ( r e f .  12) which suggest t h a t  t he  f a c t o r  
but  t o  a s m a l l  f r a c t i o n a l  value of t h e  order of 0.1. Since t h e  behavior of 
ab la t ion  sh ie lds  at  t h e  high v e l o c i t i e s  considered here i s  not w e l l  es tab-  
l ished,  t h e  e f f e c t  of varying the  asymptote a from 0 t o  0 . 1 w i l l  be shown. 

\I' does not go t o  zero 

It may a l so  be remarked t h a t  f o r  charring organic ab la tors ,  t h e  t r u e  heat 
i s  not a constant,  being a funct ion of t he  degree of dissocia-  of ab la t ion  5 

t i o n  of t he  gaseous products and, therefore ,  of t he  temperature of t he  ab la t -  
ing sur face .  Hence, it depends on t h e  hea t - t ransfer  r a t e  and d i s t r ibu t ion  
between the  convective and rad ia t ive  contr ibut ions.  Since the  study of such 
mater ia ls  i s  qui te  spec i f ic  t o  t h e  mater ia l  chosen and too complicated f o r  
parametric treatment,  it w a s  not attempted here .  The mater ia ls  chosen f o r  t he  
examples were a l o w  temperature organic ab la tor ,  Teflon, and a mater ia l  with 
a large heat of vaporization, quartz,  which i s  assumed t o  vaporize and not run 
off t he  surface as a l i qu id .  
pa r t i cu la r ly  at moderate heating r a t e s . )  
intended t o  be i l l u s t r a t i v e ,  and does not imply a judgment by the  authors 
t h a t  they represent leading contending mater ia ls  f o r  high speed en t ry .  A 
t h i r d  mater ia l ,  graphi te ,  w a s  included because it appeared t o  o f f e r  advantages 
f o r  protect ion of the  conical  t i p .  The assumed proper t ies  of these mater ia ls  
a r e  given i n  the  following t a b l e .  

( In  prac t ice ,  quartz does suf fer  l iqu id  runoff,  
The choice of these mater ia ls  i s  

Teflon 0.26 2 .2X106 12 .0X10-8 

Quartz 0.24 16 .Ox106 1.5~10-8 

Graphite 0.42 67 .0X106 0.63x10-~ 

For comparison, t he  heat of ab la t ion  5 of t h e  charring ab la tor ,  phenolic 
nylon, at a high surface temperature, 3500' K, has been estimated t o  be as 
high as 28X106 ( m / s ) 2  ( r e f .  13). Thus, i t s  m a s s  losses ,  exclusive of chemical 
and mechanical erosion, should be somewhat smaller than those of vaporizing 
quartz as presented here in .  For graphi te ,  a, i s  again chosen t o  follow t h e  
molecular weight dependence suggested i n  reference 11, and the  heat  of abla- 
t i o n  i s  taken from da ta  i n  reference 14.  

11 



In tegra t ion  of t h e  Heat-Transfer Equation 

In terms of t h e  components of heat  input ,  CH = CHc + c& + CHny equa- 
t i o n  (8) becomes 

o r  

From (l9), (20) , and (12) ,  with 
drag coef f ic ien t  of a cone at zero angle of a t t a ~ k , ~  

CD = 2 s in2  Bc, corresponding t o  t h e  Newtonian 

Assuming t h a t  t he  cone angle and base radius  a re  constant during en t ry  and 
t h a t  t he  bow wave angle i s  independent of speed, we write, noting t h a t  
v/vE = U/uE, 

If a constant a l t i t u d e  i s  maintained during en t ry ,  p i s  constant and 
equation (22) may be integrated t o  obtain 

where q, -1 
ce1u1,2 = 2.55x1010 - J = - kg 
q, - 1 m4 ( m - s > 2  

s2 -1 and 

‘e2’172 = 9.02x1010 - J 
q, - 1 m4 

y e  question of how such a cone can develop t h e  l i f t  force general ly  
necessary f o r  hyperbolic grazingentry w i l l  be discussed i n  a l a t e r  section. 

12 



Alternat ively,  if t he  Reynolds number is  maintained constant along the  
t ra jec tory ,  pV i s  approximately constant and 

where 

&a 

In  equations \ 2 3 )  and (24), when UE < U 1 , 2 ,  U1 > i s  t o  be replaced b y  

i s  wr i t t en  by use of equa- The nonequilibrium contr ibut ion t o  q 
t i o n s  (lg), (20), and (15)  

which, for constant a l t i t u d e  en t ry ,  becomes 

E* 

and for constant Reynolds number en t ry  

For the  cases of i n t e r e s t  here,  it i s  general ly  permissible t o  simplify equa- 
t i o n  (27a) t o  

t a n  0w ( s i n  eW)‘-l 
b. = (tan 0J2 s in2  0, 

where pV i s  a constant of the  motion. 

The laminar convective port ion of ‘q i s  wr i t t en  by use of equations (16), 
(181, (191, and (20) 

I 



This i n t e g r a l  cannot be evaluated in closed form f o r  arbitrary noninteger 
values of j .  However, it can be r ead i ly  evaluated numerically. For constant 
a l t i t u d e  e n t r i e s ,  t h e  constant i s  taken outside t h e  in t eg ra l ;  t h e  i n t e g r a l  
i s  then a funct ion of VE and the  ab la t ion  mater ia l  constants Kc and 0 only. 

0.3 

IC 
F O . 2  

0.1 

It can be noted t h a t  t he  choice of 
value f o r  0 i s  not a c r i t i c a l  one f o r  
vaporizing quartz within the  ve loc i ty  
range considered, but i s  very important 
f o r  Teflon at t h e  higher v e l o c i t i e s .  

a.0.I 
Quartz 

On constant Reynolds number tra- 
j ec to r i e s ,  the  i n t e g r a l  can be obtained 

Tef Ion 
= O  i n  closed form for t he  spec ia l  case 

I 1 I I j = 1/6 by t h e  method shown i n  

\ - 

- 

- 

0 % )  

For constant Reynolds number t r a j e c t o r i e s  it w a s  assumed t h a t  t he  
constant Reynolds number f l i g h t  path w a s  maintained t o  terminal veloci ty .  
ac tua l i t y ,  as w i l l  be shown, such a t r a j ec to ry  can be followed only t o  t he  
poin t  where Vy = V. 
f e e t  per second f o r  t he  l a rge r  bodies, a few thousand f e e t  per second f o r  the 
smaller ones - and the  hea t  input  below t h i s  speed i s  an in s ign i f i can t  p a r t  
of the  t o t a l ,  so no appreciable e r ro r  r e s u l t s  from the  assumption. 

I n  

However, t h i s  occurs at  very low speed - a few hundred 

For the  constant a l t i t u d e  t r a j e c t o r i e s  the  constant a l t i t u d e  f l i g h t  paths 
were followed t o  somewhat below s a t e l l i t e  speed where they were matched i n  



ve loc i ty  and a l t i t u d e  t o  z e r o - l i f t  b a l l i s t i c  decay t r a j e c t o r i e s  or ig ina t ing  at 
s a t e l l i t e  speed above the  atmosphere. A s m a l l  d i scont inui ty  i n  7 t h a t  occurs 
at t h e  matching point w a s  ignored. The time h i s to ry  of t h e  coordinates of t h i s  
kind of f l i g h t  path a re  tabulated i n  reference 15. 
t r a n s f e r  r e l a t ion ,  equation (28) , w a s  applied t o  t h e  appropriate port ion of 
these t r a j e c t o r i e s .  
speed descent t r a j e c t o r y  su i tab le  f o r  manned vehic les .  

The convective heat-  

The maximum acce lera t ion  i s  8.3 g,  making the  s a t e l l i t e  

Trajectory Analysis 

The choice of t r a j e c t o r i e s  w a s  important t o  t h e  ana lys i s .  The constant 
a l t i t u d e  decelerat ion and constant Reynolds number descent t r a j e c t o r i e s  were 
selected t o  simplify the  heating ana lys i s  as wel l  as t o  p e r m i t  s tud ies  of 
parametric va r i a t ions  i n  vehicle  s i z e  , densi ty ,  cone angle , e t c .  , on s i m i l a r  
f l i g h t  paths .  A t  t h e  same time they a re  representat ive of t he  heating on 
shallow angle en t ry .  Trajectory types considered i n  some e a r l i e r  work, such 
as constant l i f t - d r a g  r a t i o  t r a j e c t o r i e s  , a re  , by comparison, complicated by 
a l t i t u d e  excursions (skipping motions) , lack generic s imi l a r i t y ,  and can be 
analyzed only numerically. 
number descent,  i s  thought t o  present t h e  minimum heat input t o  bodies of 
optimum cone angle.  As  such, it i s  a use fu l  standard of comparison. 

One of t h e  types chosen here,  the  constant Reynolds 

The object ives  of t h e  t r a j e c t o r y  ana lys i s  were t o  determine the  f e a s i b i l -  
i t y  of the t r a j e c t o r i e s  f o r  r e a l  appl icat ions,  t o  supply needed constants f o r  
t he  heating ana lys i s  (free-stream densi ty ,  pr imari ly)  , and t o  obtain closed- 
form expressions f o r  t he  usua l  t r a j e c t o r y  var iab les  of range , accelerat ion,  
ve loc i ty ,  e t c . ,  as funct ions of t ime.  The f e a s i b i l i t y  of t he  t r a j e c t o r y  i s  
la rge ly  determined by t h e  l i f t - d r a g  r a t i o  required t o  follow it without exceed- 
ing t h e  cons t ra in ts  on acce lera t ion  and Reynolds number. 
amount t o  a spec i f ica t ion  of minimum permissible a l t i t u d e ,  i n  the  case of t he  
constant a l t i t u d e  decelerat ion,  and of t he  a l t i t u d e  a t  the  point of en t ry  onto 
the  constant Reynolds number descent,  i n  t h e  other  case .  

The cons t ra in ts  

It w a s  assumed t h a t  t h e  l i f t - d r a g  r a t i o  would be generated by a geometric 
modification of t he  cone, such as those described i n  appendix C .  
t i o n  at the  t r i m  a t t i t u d e  provides modulation of t h e  v e r t i c a l  component of 
L/D, which i s  required,  i n  general ,  t o  be a decreasing funct ion of time. 

R o l l  o s c i l l a -  

The p r inc ipa l  t r a j e c t o r y  equations are given below and developed i n  
appendix D .  

Constant a l t i t u d e  dece lera t ion .  - The l i f t - d r a g  r a t i o  required i s  at  every 
in s t an t  -a- funct ion of t he  t o t a l  acce le ra t ion  and t h e  f l i g h t  ve loc i ty  

4 =  (CY - ( 3 0 )  [(iy - (6y2 
where the  t o t a l  accelerat ion,  t h e  vector  sum of t h a t  along t h e  path and across 
t h e  path,  i s  given by 



and 
base rad ius .  

W/CDA may be wr i t t en  i n  terms of t he  cone angle,  mean body dens i ty ,  and 

When t h e  t o t a l  acce le ra t ion  i s  l imited t o  a specif ied value,  “1, t h e  
corresponding L/D 
f l i g h t  a l t i t u d e  may be obtained from equations (31) and ( 3 2 )  as 

i s  given by equation ( 3 O ) ,  and the  ambient dens i ty  at  t h e  

If a Reynolds 
a l t i t u d e  , t h e  

where 

number l i m i t  r a the r  than the  acce lera t ion  l i m i t  determines t h e  
densi ty  i s  given by 

k E -  t an  8, Re 

i s  approximately constant and equal t o  2 f o r  
U > V,, k takes on smaller values, going t o  about 1.3. 

U < Vs (appendix D ) .  For 

The velocity-distance,  velocity-time, and time-distance r e l a t ions  a r e  

and 

(35) 

respect ively,  where x i s  a r c  dis tance along t h e  o r b i t a l  path.  Fixing t h e  
maximum accelerat ion and t h e  en t ry  ve loc i ty  can be shown to determine (C@-l/m)p. 
Hence, for given m a x i m u m  acce lera t ion  and en t ry  ve loc i ty ,  t he  x - t and V - t 
r e l a t i o n s  a re  universa l .  
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Constant Reynolds number descent .- Appendix D shows t h a t  t o  maintain a 
constant Reynolds number requi res  a constant rate of descent,  Vy = constant,  
given by 

where pV i s  a constant and P i s  t h e  rec iproca l  of t he  atmospheric scale  
he ight .  The angle of descent i s  not constant,  however, being defined by 

vY s i n  7 = - 
V 

where V decreases with increasing t i m e . 4  The angle of descent increases  
u n t i l ,  i n  some cases,  Vy = V and 7 = 90'. 
governed by the  equations of simple b a l l i s t i c  descent and it i s  no longer 
possible  t o  maintain the  Reynolds number constant .  

A t  t h i s  point ,  t he  motion i s  

The l i f t - d r a g  r a t i o  i s  governed by equation ( D 3 4 ) ,  which may be simpli-  
f i e d ,  f o r  t he  cases of most p r a c t i c a l  i n t e r e s t ,  by use of s m a l l  angle approx- 
imations for t h e  s ine and cosine of t h e  f l i gh t -pa th  angle t o  obtain 

where Rp 
entered.  The t o t a l  accelerat ion may be wr i t t en  

i s  the  radius  of the  ea r th  or other  planet whose atmosphere i s  

which may a l so  be put i n  terms of t he  r a t e  of descent t o  obtain 

F ina l ly ,  t he  r e l a t i o n s  between ve loc i ty  and time, ve loc i ty  and dis tance,  and 
time and dis tance a re ,  respect ively,  

4The heating occurs predominantly at v e l o c i t i e s  g rea t e r  than V E / ~  and, 
The magnitude of i n  t h i s  range, s i n  7 i s  s m a l l e r  than 4 s in  7~ (eq.  ( 4 0 ) ) .  

7~ i s  defined by equations (39) and (40), and it i s  found t h a t  V y / V ~  i s ,  
f o r  cases of i n t e r e s t ,  a very s m a l l  number, corresponding t o  angles smaller 
than a degree. Hence, t he  use of s m a l l  f l i gh t -pa th  angle approximations f o r  
L/D 
i s  also val id .  

i s  ju s t i f i ed ,  and the  neglect of t he  weight force  component i n  equation(4) 



where, again, pV i n  equations (43) t o  (45) i s  a constant .  

PRESENTATION OF RESULTS 

T r a  j e c t  or i e  s 

Constant a l t i t u d e  .- Ambient d e n s i t i e s  and f l i g h t  a l t i t u d e s  d i c t a t ed  by 
t h e  acce lera t ion  and Reynolds number limits a re  shown i n  f igu re  2 as a funct ion 

45- 1.6~ - of en t ry  ve loc i ty  f o r  representat ive 
The values of t he  governing parameters. 

accelerat ion-l imited s e t .  The i n t e r -  
sect ions of t h i s  family with t h e  
Reynolds number l imited family def ine 
poin ts  of t r a n s i t i o n  from Reynolds num- 
b e r  t o  acce lera t ion  governed a l t i t u d e s .  

1.*9x105m-' Consider t h e  two dashed curves, for 
example. A t  en t ry  v e l o c i t i e s  below 
1.66Vs, t h e  Reynolds number requi res  the  
lower densi ty  and governs, while above 
t h i s  ve loc i ty ,  t h e  acce lera t ion  l i m i t  

=13,50Okg/m2 steeper  family O f  curves i s  t h e  

"E 

"* 
- 

Figure 2.- Ambient densities and altitudes 
dictated by acceleration and Reynolds 
number limits. governs. For a 30' cone with a base 

radius  of 3.05 m, t he  Reynolds number limits corresponding t o  t he  three  curves 
are 107, 5X106, and 106, respec t ive ly .  For t h e  same radius  and cone angle, t h e  
acce lera t ion  curves represent  body dens i t i e s  of 640, 320, and 160 kg/m3, t o p  t o  
bottom. 
govern a l t i t u d e  se lec t ion  f o r  t he  e n t i r e  range of en t ry  v e l o c i t i e s  considered. 

For these  conditions,  then,  a Reynolds number l i m i t  of los would 

Entry may take place at higher a l t i t u d e s  than those calculated,  but  not 
a t  lower a l t i t u d e s  without v io l a t ing  the  imposed limits on accelerat ion and 
Reynolds number. 
The overshoot l imi t s ,  not shown, depend on the  avai lable  
boundary, however, i s  t h e  a l t i t u d e  of i n t e r e s t  f o r  t h i s  ana lys i s ,  s ince it 
minimizes t h e  t o t a l  heat input for optimum bodies .5 

The a l t i t u d e s  shown, therefore ,  represent undershoot l i m i t s .  
me undershoot L/D. 

-- 
5Guidance l imi t a t ions  make it necessary t h a t  real vehicles  be able t o  

withstand en t ry  over a f i n i t e  cor r idor .  
accept somewhat l a rge r  heat  inputs  than  t h e  minimum considered here. 

They must therefore  be designed t o  
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The lift-drag ratios needed for maintaining constant altitude flight are 
shown in figure 3 as a function of velocity for several levels of total accel- 
eration. In general, the maximum L/D is required at the highest velocity, 

2.c 

1.5 

; I.( 

0.: 

a 
9 
- 

V - 
"* 

Figure 3.- Lift-drag ratios required on constant altitude trajectories. 

that is, at entry in our analysis. A lift-drag ratio of 1 is sufficient to 
permit a 10 g limit constant altitude entry at a velocity of 2.76 Vs. 
higher entry velocities, the L/D required rises rapidly, or, alternatively, 
the acceleration limit must be increased. For any acceleration level, the 
L/D curve is asymptotic to a vertical line at a velocity V-&, = &&. This 
is the velocity for which the centripetal acceleration is the total accelera- 
tion. The entry body is then flying above the atmosphere, but still requires 
lift to hold it in a circular path; hence, L/D 

At 

must be infinite. 

When the altitude is governed by a Reynolds number limit, or is higher 
than the minimum altitude permitted, the acceleration is smaller than the 
acceleration limit. Figure 3 is then entered at the appropriate level of 
acceleration to define L/D. 
lift-drag ratios may be required at the lower entry velocities. 

A consequence of such a situation is that high 

I 



The variations of velocity, range, lift-drag ratio, and acceleration with 
and an time after entry are shown in figure 4 for an entry velocity of 2.5 Vs 
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Figure 4.- Representative characteristics of an acceleration-limited constant altitude 
trajectory, all@; = 10, VE/V, = 2.5. 

acceleration limit of 10 g, attained at entry. 
satellite velocity. 

The curves are terminated at 
The range covered to this point is 4600 km, and the 

elapsed time is roughly 6 minutes. 
lift-drag ratio and total acceleration 

The 

80 

60 

40 

20 

0 IO 20 30 40 5 0 ~ 1 0 ~  
pbrt, W m  

Figure 5.- Descent rates f o r  constant 
Reynolds number as a function of body 
density and size. 

20 

decrease continuously with time, the 
former going to zero at satellite 
velocity . 

The curves in figures 2 and 4 are 
Other cases of interest may examples. 

be readily obtained from the trajectory 
equations. 

Constant Reynolds number. - The 
descent rates character is tic-of con- 
stant Reynolds number trajectories are 
plotted in figure 5 as a function of 
the body density times the base radius 
squared, for two cone angles and two 
values of the Reynolds number. The 
equation given in the figure is an 



a l t e r n a t e  form of equation (39) which incorporates  equations (32) and (35).  
Large or dense bodies tend t o  have qu i t e  low rates of descent t o  maintain con- 
s t a n t  Reynolds number. The assumptions c i t e d  ear l ier  concerning s m a l l  angles 
of descent are amply s a t i s f i e d  by the  conditions i n  t h i s  f igure .  

The l i f t - d r a g  r a t i o s  required are p lo t t ed  i n  f igu re  6 as a funct ion of 
f l i g h t  ve loc i ty  f o r  various rates of descent. A t  Vy less  than about 25 m/s,  
t he  required l i f t - d r a g  r a t i o  starts t o  become l a rge ,  and may exceed t h a t  which 
i s  avai lable .  The acce lera t ions ,  on the  other  hand, are minimized by use of 
small descent rates ( f i g .  7) and 25 m/s i s ,  fo r tu i tous ly ,  again near t he  bound- 
a ry  f o r  acceptable l e v e l s  of acce lera t ion  a t  the higher en t ry  ve loc i t i e s .  

2.5 r 

V 
VS 

Figure 6.- Lift-drag ratios required on 
constant Reynolds number descents. 

- 

40 r 

30 - 

"I .o 1.5 2.0 2.5 3.0 
V - 

"S 

Figure 7.- Acceleration on constant 
Reynolds number descents. 

Thus, t o  s a t i s f y  the  requirements on 
both L/D and accelerat ion,  values of 

Vy must l i e  i n  the  v i c i n i t y  of 25 m/s.  
A band i n  f i g u r e  5 ind ica tes  t h i s  
acceptable region. Values of body den- 
s i t y  and base radius  t o  which it corre-  
sponds depend on the  cone angle and 
Reynolds number chosen and may be calcu- 
l a t e d  from the  equation i n  th i s  f igure .  

An example of a constant Reynolds 
number descent that  s a t i s f i e d  reasonable 
requirements on acce lera t ion  and L/D 
i s  shown i n  f igu re  8. The body s i z e  
and dens i ty  give a value of the  param- 
e te r  Pbrb2 of 2980 &/m. For a cone 
angle of 30' and a Reynolds number of 
5 mil l ion,  the  descent rate,  according 
t o  f i g u r e  5, i s  27 m/s .  The t r a j e c t o r y  
var iab les  i n  f igu re  8 show a descent t o  
s a t e l l i t e  ve loc i ty  i n  4 minutes from an 
en t ry  ve loc i ty  of 2.5 Vs with a maxi- 
mum acce lera t ion  of 9.8 g, a maximum 
L/D 
3150 km. The angle of descent i s  0.08' 
i n i t i a l l y ,  increasing t o  0.2' a t  satel-  
l i t e  veloci ty .  Following a t r a j e c t o r y  
with such prec is ion  may, i n  prac t ice ,  
present  a problem i n  f l i gh t -pa th  con- 
t r o l .  I n  pr inc ip le ,  however, such 
t r a j e c t o r i e s  appear f eas ib l e .  

of 0.7, and a f l i g h t  range of 

Heating 

Constant a l t i t u d e  en t r i e s . -  The 
t o t a l  heat i n p u t  energy f r a c t i o n  t o  
cones of l a r g e  base rad ius  with 30' and 
35' half-angles  i s  shown i n  f igu res  9 as 
a funct ion of en t ry  veloci ty .  For the 
conditions c i t ed ,  the t o t a l  kieat input  
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ranges from 0.4 t o  2.5 percent  of k i n e t i c  energy a t  entry,  increasing with 
increasing VE, and depending a l s o  on the  cone angle and base radius.  

Laminar convective hea t ing  predominates i n  t h e  case of t he  30° cone with 
a base radius  of 3.05 m ( f i g .  9 (a ) ) .  
kept small by the  ob l iqu i ty  of t he  shock wave. The nonequilibrium r a d i a t i v e  
contr ibut ion i s  e s s e n t i a l l y  negl igible .  

The equi l ibr ium rad ia t ive  heat ing i s  

For the  35' cone w i t h  a base rad ius  of 4.57 m ( f i g .  9 ( b ) ) ,  however, 
equilibrium r a d i a t i v e  heat ing becomes important a t  the  higher en t ry  v e l o c i t i e s  
and,at  VE = 3 Vs, cont r ibu tes  more hea t  input  than the  convection. Note t h a t  
two sets of curves are shown f o r  t he  35' cone. 
sponds t o  e n t r i e s  a t  t h e  10 g acce lera t ion  l imi t ed  boundary, and the  o ther  
(dashed l i n e s )  t o  e n t r i e s  a t  higher a l t i t u d e s .  
l a rge ,  minimum t o t a l  heat ing occurs a t  an a l t i t u d e  higher  than t h a t  f o r  the 
given acce lera t ion  and Reynolds number l i m i t s .  T h i s  minimum i s  shown by the  
dashed curve labe led  qmin. 
a r e  given i n  a u x i l i a r y  sca les  along the  abscissa .  

One ( t h e  s o l i d  l i n e s )  corre-  

When the  r a d i a t i v e  heat ing i s  

The ambient air  d e n s i t i e s  a t  the  f l i g h t  a l t i t u d e s  

The t o t a l  heat ing energy f r a c t i o n s  f o r  cone angles from 20' t o  60' a r e  
given i n  f i g u r e  10, with the  base radius ,  body densi ty ,  and heat-shield prop- 
e r t i e s  fixed. The minimum envelope of these curves gives the  minimum value of 
heat  input  energy f r a c t i o n  t h a t  can be a t t a ined  a t  each en t ry  ve loc i ty  f o r  t he  
conditions specif ied.  The l a r g e  angled cones depart  from t h i s  minimum with 
increasing en t ry  ve loc i ty  and, as a r e s u l t  of t h e i r  l a r g e  r ad ia t ive  hea t  
inputs ,  a t t a i n  values of 7 much l a r g e r  than the  minimum. The optimum cones 
have half-angles  s l i g h t l y  less than 25O a t  
subs t an t i a l  p a r t  of t he  en t ry  ve loc i ty  range considered. 

VE = 3 Vs and near 30' over a 

Presenting the  energy f r a c t i o n  as a funct ion of cone angle, as i n  
f igu re  11, i s  use fu l  f o r  def in ing  more p rec i se ly  the  optimum cone angle and 
the  minimum energy f r ac t ion .  I n  the  case shown, which i s  typ ica l  of l a r g e  
l i m i t  Reynolds numbers, t he  minimum heat  input  within the  given l i m i t s  occurs 
a t  the in t e r sec t ion  of Reynolds number-limited and accelerat ion-l imited curves. 
Thus, t he  optimum cases a t t a i n  the  l imi t ing  values of both the  acce lera t ion  
and the  Reynolds number a t  entry.  On the  dashed port ions of t h e  curves, one 
or the  o ther  of the l i m i t s  i s  exceeded. Therefore, the  minimum point  i n  the  
R e L  = lo7 curve, f o r  example, cannot be u t i l i z e d .  

The d e f i n i t i o n  of t he  optimum at higher and lower values of the  l i m i t  
Reynolds number i s  i l l u s t r a t e d  i n  f igu re  12. Curves a r e  shown of 7 as a 
funct ion of 8, f o r  four  sets  of a l t i t u d e s  corresponding t o  l i m i t  Reynolds 
numbers P r o m 1 0 5  t o  lo8. A t  s m a l l  cone angles,  where r a d i a t i v e  heat ing i s  
negl ig ib le ,  7 va r i e s  on these  curves inverse ly  w i t h  ( t a n  8c)3'2 according t o  
equations (28) and (34) .  A t  l a r g e r  cone angles, 7 increases  as the  r ad ia t ive  
heat input  becomes important. Hence, each curve f o r  a given Reynolds number 
l i m i t  exhib i t s  a minimum. A f i f t h  curve shows as a func t ion  of 8, w i t h  
a l t i t u d e  determined by the  acce lera t ion  l i m i t .  I n  this  case, 7 i s  indepen- 
dent  of eC a t  s m a l l  cone angles,  where r ad ia t ion  i s  negl ig ib le  (eqs. (28) 
and (33) ) ,  r i s i n g  as cone angle i s  increased t o  the region of important 
r a d i a t i v e  heating. 
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Figure 10.- Variation of heat input energy f rac t ion  with entry veloci ty  f o r  cones of various 
angles on constant a l t i t u d e  t ra jectory.  
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Figure 13.- Def in i t i on  of m i n i m  heat  input  
and optimum cone angle f o r  bodies of t h ree  
base radii at  R e L  = lo7. 

The values of minimum 7 within 
the simultaneous l imi t a t ions  on acce l -  
e r a t ion  and Reynolds number are shown 
by the  c i r c l e d  poin ts  f o r  t he  four  
values of Rel. A t  Rel = 10' and lo7, 
t he  optimum occurs i n  the  region of 
smaLl r a d i a t i v e  heating, and i s  s i m i l a r  
t o  t h a t  discussed i n  f igu re  11. A t  
Rez 7 lo6 and lo5, the  optimum has a 
s i g n i f i c a n t  r a d i a t i v e  contr ibut ion,  and 
occurs on the  Reynolds number l imi t ed  
curve a t  an a l t i t u d e  above t h a t  f o r  the  
acce lera t ion  l i m i t .  For example, a t  
Re1 = lo5, t he  optimum occurs a t  a 
f l i g h t  a l t i t u d e  grea te r  than t h a t  f o r  
al = 10 g. 
of qc ,  the  dashed curves. (Note t h a t  - l/&, eq. (28). ) The peak accel-  
e r a t ion  a t  t he  optimum poin t  f o r  th i s  
Reynolds n u d e r  l i m i t  i s ,  i n  f a c t ,  only 
about 1 . 5  g .  Hence, i t  i s  seen t h a t  
the  optimum point  need not occur a t  
acce lera t ions  as l a r g e  as the  accelera-  
t i o n  l i m i t .  However, t he  Reynolds num- 
ber  a t t a i n s  i t s  l imi t ing  value i n  every 
case. Furthermore, lowering the  l i m i t  
Reynolds number below lo7 can s i g n i f i -  
can t ly  increase the  hea t  input and 
optimum cone angle, and also, by the  
arguments of an e a r l i e r  sect ion,  the  
l i f t - d r a g  r a t i o  required a t  entry.  The 
increase i n  7 ,  however, i s  not as 
l a r g e  as t h a t  which would occur with 
t r a n s i t i o n  t o  turbulence i n  the absence 
of a Reynolds number l i m i t .  

This i s  shown by the  values 

Curves l i k e  those i n  f igu re  11 are 
given i n  f igu res  1.3 f o r  bodies of t h ree  
base r a d i i  a t  en t ry  v e l o c i t i e s  from 1.4 
t o  3.0 Vs, f o r  a l i m i t  Reynolds number 
of lo7. These curves def ine  the  var ia -  
t i o n  of t he  minimum energy f r ac t ion ,  
which increases  with e n t r y  velocity, and 
the  optimum cone angle, which decreases 
with increasing en t ry  veloci ty .  Compar- 
i son  of f igu res  l 3 (a ) ,  (b ) ,  and ( e )  
shows the base radius  t o  be an important 
var iab le ,  and i n  f i g u r e  14,  optimum 
energy f r a c t i o n  i s  given as a func t ion  
of base rad ius  f o r  f ixed  Reynolds number 
and acce lera t ion  limits and body density. 
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For s m a l l  bodies, the optimum cone 
l angle  i s  small, t he  r a d i a t i v e  hea t ing  ' i s  negl ig ib le ,  and the optimum energy 

rad ius ,  For l a r g e  bodies, t he  optimum 
cone angle i s  increased, t he  r a d i a t i v e  
heat ing becomes l a rge ,  and the  optimum 
energy f r a c t i o n  increases  with body 
s i z e  (dashed curves) ,  An optimum base 

=3.0 radius  i s  defined. I f ,  i n  p lace  of the  
above cons t ra in ts ,  t h e  a l t i t u d e  i s  per-  

72*4 mitted t o  go above t h a t  d i c t a t ed  by the 
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impos'ed, Without t h i s  l i m i t ,  the  
curves on the  l e f t  of f i gu re  l 3 ( c )  may 

1.8 be continued t o  t h e i r  minimum poin ts  t o  
obtain t h e  low values of energy f r a c -  

1.6 t i o n  shown i n  f i g u r e  1.5 with a 1 m base 
radius .  These values would be a v a i l -  

/ able  t o  unmanned probes, Note t h a t  the  
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Figure 16.- Variation of optimum energy fraction with limit Reynolds number on constant 

altitude entries. 

O.Ol7, however, f o r  a l l  cases  shown, a t  Reynolds number l i m i t s  as s m a l l  as lo6 
and en t ry  v e l o c i t i e s  t o  3 Vs, Optimum cone angles f o r  the  conditions of f i g -  
ures16 a r e  shown i n  f igures  17. The optimum cone angle decreases with increas-  
ing  en t ry  ve loc i ty  and w i t h  increasing Reynolds number l i m i t ,  and i s  r e l a t i v e l y  
in sens i t i ve  t o  ab la t ion  mater ia l .  

The low values of energy f r a c t i o n  calculated f o r  Teflon ( f i g .  16) make 
t h a t  mater ia l  appear a t t r a c t i v e ,  These values are due, however, t o  t h e  high 
blowing r a t e s ,  that i s ,  high mass l o s s  rates, associated with t h e  l o w  heat of 
ab la t ion  of Teflon, Mass l o s s  curves (figs.18), i n  f a c t ,  show the  order  of 
merit  of the  two materials and heavi ly  favor the  material with l a r g e  heat  of 
ab la t ion ,  They a l s o  show the  e f f e c t  of changing the  l i m i t  Reynolds number on 
the mass loss, The e f f e c t  of t he  l i m i t  Reynolds number can perhaps be 
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Figure 18.- Mass l o s s  r a t i o  on constant a l t i t u d e  entry for two ablat ion materials.  

c l a s s i f i e d  as moderate from 5x106 t o  2 0 ~ 1 0 ~ .  
s izable .  Mass losses as s m a l l  as 20 percent of the en t ry  mass are calculated 
for e n t r y  to  three times s a t e l l i t e  velocity with vaporizing quartz a t  Rez = 5X1O6. 

Below about 5x106 it  becomes 
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It i s  noted t h a t  i f  t h e  asymptotic blockage f a c t o r  rs were taken t o  be 0 
ins tead  of 0.1, t he  mass l o s s e s  with Teflon a t  the  higher en t ry  ve loc i t i e s  
would be approximately halved, while those of quartz would be less  a f fec ted  
( f i g .  1). Hence, t h e  determination of t he  cor rec t  value of t h i s  constant i s  
important . 

The other  e f f e c t  of low values of t he  limit Reynolds number re fer red  t o  
ear l ier  i s  t o  increase the  l i f t - d r a g  r a t i o  required.  If the  l i f t - d r a g  r a t i o  
required exceeds t h a t  ava i lab le ,  the  en t ry  becomes unat ta inable .  The under- 
shoot a l t i t u d e  may then be sa id  t o  have gone above the  overshoot, so  t h a t  the  
ava i lab le  en t ry  cor r idor  i s  negative.  Conditions f o r  which t h i s  may occur a r e  
shown i n  figures 19, where L/D required a t  en t ry  i s  p lo t t ed  as a funct ion of 
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F i g u r e  19.- L i m i t a t i o n  on e n t r y  v e l o c i t y  imposed by j o i n t  c o n s i d e r a t i o n  of ReL and 
LID a v a i l a b l e .  

Reynolds number l i m i t  f o r  bodies of two ( l a rge )  base radii, 
acce lera t ion  l i m i t  i s  a t t a ined  a t  entry,  the  L/D is ,  according t o  equa- 
t i on  (3O), independent of Reynolds number, This condition i s  represented by 
the  hor izonta l  sec t ions  of t he  curves. When the acce lera t ion  goes below the  
l i m i t i n g  value, the L/D 
l e f t ,  
with it, the  ava i lab le  L/D (appendix C ) ,  If the  L/D required crosses  the  
boundary marked maximum L/D ava i lab le ,  it enters  t he  unat ta inable  region. 
This i s  seen t o  be important a t  the  highest  en t ry  v e l o c i t i e s  considered, con- 
s i s t e n t  w i t h  f i g u r e  3, which shows t h a t  
ve loc i t i e s .  

A s  long as the  

needed r ises  rap id ly ,  as on the curve sec t ions  a t  the 
R e Z ,  as i n  f igu re  12, and along The optimum cone angle a l s o  va r i e s  with 

L/D becomes marginal a t  such en t ry  

Experimental observations of t r a n s i t i o n  i n  very high enthalpy flow over 
ab la t ing  cones w i l l  be  needed t o  determine a s u i t a b l e  value of the  parameter 
Re2 .  

t h a t  constant Reynolds number descents could be  made with a 10 g acce lera t ion  
l i m i t ,  by designing t o  a descent rate of 25 m/s ,  the  heat ing ca lcu la t ions  were 

Constant Reynolds number e n t r i e s , -  While the  t r a j e c t o r y  ana lys i s  showed 
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not  l imi t ed  t o  such cases. I n t e r e s t  i n  t he  constant Reynolds number t r a j ec to ry  
as a minimum hea t  input  t r a j e c t o r y  suggested i t s  more general  inves t iga t ion ,  

Curves s i m i l a r  i n  form t o  those presented for constant a l t i t u d e  en t ry  were 
obtained, Thus, f i gu re  20 shows the  e f f e c t  of en t ry  ve loc i ty  on the  hea t  input 

Rez= 107 20x10-3r 9, = 30° 
rb = 3.05 m I Re.= IO7 I 

en t ry  veloci ty .  This w i l l  occur when 

energy f r a c t i o n  for a given l o c a l  
Reynolds number (lo7) , cone angle, base 
radius ,  and ab la t ion  material. (Note 
t h a t  t he  energy f r a c t i o n  i s  independent 
of body dens i ty  f o r  t he  constant 
Reynolds number t r a j e c t o r i e s , )  A s  with 
the  constant a l t i t u d e  en t r i e s ,  where the 
r a d i a t i v e  contr ibut ion i s  l a rge ,  
Reynolds numbers smaller than the  speci-  
f i e d  value can lower the  t o t a l  heat  
input.  

An i n t e r e s t i n g  f e a t u r e  of f i g u r e  20 
i s  t h a t  the  laminar convective energy 
f r ac t ion ,  v c ,  diminishes with increasing 
cr i s  s m a l l  and K,V2 i s  l a r g e  compared 

t o  1, 
pV = constant,  

I n  the  l i m i t  of 0 = 0, the  i n t e g r a l  i n  equation (28) then becomes, f o r  

and 

Figure 21 shows the  minimum heat  input energy f r ac t ions  as a funct ion of 
en t ry  v e l o c i t y  f o r  a s e r i e s  of cone angles a t  a given Reynolds number, and 
the  envelope of minimum 7 f o r  these conditions i s  defined, Figure 22 shows 
the  e f f e c t  of body base rad ius  and ab la t ion  sh ie ld  proper t ies  on the  envelope 
values,  The ab la t ion  property e f f e c t  i s  comparable t o  t h a t  on constant alti- 
tude entry,  bu t  the  base radius  e f f e c t  i s  s m a l l .  The convective heat ing con- 
t r i b u t i o n  is ,  i n  f a c t ,  independent of rb, as may be seen from equation (28) 
where (pVrb)l l2  
eq, (B5)  ) .  Furthermore, the r ad ia t ive  contr ibut ion i s  only weakly dependent 
on rb,  varying as rb0*2 according t o  equation (24) with p = 1.8. Hence, 
unl ike the constant a l t i t u d e  entry,  the  constant Reynolds number en t ry  shows 
heat ing energy f r ac t ions  e s s e n t i a l l y  independent of body s i ze ,  

may be taken outs ide  the  i n t e g r a l  as a constant ( see  a l so  

The e f f e c t  of t he  Reynolds number on the  optimum energy f r ac t ions  i s  
shown i n  f igu re  23, 
i s  the  p r inc ipa l  p a r t  of t h i s  dependence, but  changes with Reynolds number i n  
the  optimum cone angle and r ad ia t ive  input a l s o  contr ibute .  The optimum cone 
angles are shown f o r  four  Reynolds numbers and two ab la t ion  materials i n  f i g -  
ures&. There i s  some s e n s i t i v i t y  t o  Reynolds number, while t he  e f f e c t s  of 
ab la t ion  material and body s i z e  are minor. I n  f i g u r e  25, mass l o s s  f r a c t i o n s  

The va r i a t ion  i n  the  convective heat  input  with Re-1'2 
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Figure 21.- Variation of the heat  input energy f rac t ion  with entry veloci ty  f o r  cones of 
various angles on constant Reynolds number t ra jec tor ies .  
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Figure 22.- E f f e c t  of base rad ius  and abla-  
t i o n  material on optimum energy f r a c t i o n  
f o r  constant  Reynolds number t r a j e c t o r i e s .  
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Figure 23.- E f f e c t  of Reynolds number on 
energy f r a c t i o n  f o r  constant  Reynolds 
number t r a j e c t o r i e s .  
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F i g u r e  24.- Optimum cone a n g l e s  on c o n s t a n t  Reynolds number t r a j e c t o r i e s .  
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Figure 25.- Mass loss  f r a c t i o n s  on constant 
Reynolds number tra j ec t o r  i es . 

it and the  b a l l i s t i c  entry,  t he  energy 
a consequence of t he  f a c t  t h a t  ne i ther  
s t a n t  a l t i t u d e  t r a j e c t o r i e s ,  the  l a r g e  
s i z e  noted ear l ier  appears as a r e s u l t  

a r e  presented as a funct ion of en t ry  
ve loc i ty  f o r  optimum cones of t he  two 
ab la t ion  materials. 

Comparison of results f o r  constant 
a l t i t u d e ,  constant Reynolds number, and 
b a l l i s t i c  en t ry , -  The minimum energy 
f r ac t ions  ca lcu la ted  f o r  constant a l t i -  
tude entry,  constant Reynolds number 
entry,  and b a l l i s t i c  en t ry  a r e  compared 
i n  f i g u r e  26 f o r  a common Reynolds num- 
be r  l i m i t ,  lo7, and a vaporizing quartz 
ab la to r ,  For consistency with the  other  
r e s u l t s ,  t he  energy f r ac t ions  on b a l l i s -  
t i c  en t ry  have been recomputed using the  
present  hea t - t ransfer  r e l a t ions .  The 
constant Reynolds number descent has the  
lowest hea t  input,  as w a s  expected, For 
f r a c t i o n s  are in sens i t i ve  t o  body s i z e ,  ~ 

i s  acce lera t ion  l imi t ed ,  For the  con- 
s e n s i t i v i t y  of energy f r a c t i o n  t o  body 
of the  imposed acce lera t ion  l i m i t ,  The 

energy f r ac t ions  of t h e  accelerat ion-l imited 1 - m -  base radius  bodies a re ,  
i n  f a c t ,  o f f  the  sca l e  se lec ted  and not  shown, The constant a l t i t u d e  en t ry  of 
t h i s  s i z e  body without an acce lera t ion  l i m i t ,  i n t e r e s t i n g l y  enough, fa l l s  
within the  band f o r  b a l l i s t i c  entry.  Hence, constant a l t i t u d e  en t ry  without 
acce lera t ion  l i m i t  compares almost i d e n t i c a l l y  with b a l l i s t i c  en t ry  i n  respec t  
t o  t o t a l  hea t  input ,  

The optimum values i n  the  b e s t  cases do not  d i f f e r  g r e a t l y  f o r  t he  th ree  
types of  t r a j e c t o r i e s .  It i s  noteworthy t h a t  grazing e n t r i e s  with accelera-  
t i ons  within human tolerance can be made i n  l a r g e  en t ry  vehicles  with heat  
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- Ablation of the  vehicle nose.- The 
degree t o  which i n i t i a l l y  conical entry 
bodies become blunted by ab la t ion  dur- 
ing en t ry  has been calculated f o r  a 
number of constant a l t i t u d e  and b a l l i s -  

-- r a t i o s  comparable t o  the lowest possi-  
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Figure 26.- Comparison of optimum heat input energy f rac t ions  fo r  three types of t ra jec tor ies .  

i z ing  quartz, and graphite,  were consid- 
ered, One example i s  shown i n  f igu re  27, Figure 27.- Nose r ad ius  as a func t ion  of 

ve loc i ty  f o r  a quartz nose on cons tan t  
a l t i t u d e  e n t r y  at VE = 2.6 v,. where nose radius  %o base radius  r a t i o  - 

i s  p lo t t ed  as a function of ve loc i ty  
f o r  the  quartz ab la tor  on constant a l t i t u d e  en t ry  of  a 29’ cone of an en t ry  
ve loc i ty  of 2.6 Vs, 
i s  near ly  constant from en t ry  down t o  
The ca lcu la t ion  i s  stopped a t  satel l i te  velocity,  at which point the  r a t e  of 
growth i s  small. Extrapolation t o  zero ve loc i ty  gives a radius  r a t i o  l e s s  
than 0.1, corresponding t o  a mass l o s s  a t  the  t i p  of the order of 1 percent 
of t he  t o t a l  mass a t  entry.  
the  bow shock wave i s  oblique during the  period of intense r ad ia t ive  heat ing 

The rate of growth of nose radius with velocity,  -drn/dV, 
V/Vs = 1.8, a f t e r  which i t  diminishes. 

Furthermore, over 99 percent of the body surface, 
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a z  =log s o  t h a t  the  r a d i a t i v e  heat  input  i s  
s m a l l  i n  t he  presence of t he  s m a l l  nose pb =320kg/m3 

Rez =IO7 

0 r b  =4.57m 
0 r b  =3.05m rad ius  obtained. 

Values of t he  radius  r a t i o  a t  
s a t e l l i t e  ve loc i ty  are shown as func- 
t i o n s  of en t ry  ve loc i ty  i n  f i g u r e  28 
fo r  constant a l t i t u d e  e n t r i e s  with t h e  
th ree  t i p  materials and two body s i zes .  
The f i n a l  nose r a d i i  tend t o  become 
very l a r g e  f o r  Teflon ab la tors ,  and 
moderately l a r g e  with vaporizing quartz 
a t  the  higher e n t r y  ve loc i t i e s ,  but  
remain less  than 0.1 r b  f o r  graphi te .  

1.6 1.8 2.0 2.2 2.4 2.6 2.8 3.0 

For b a l l i s  t i c  en t ry  comparable - VE 
VS 

Figure 28.- Nose r a d i u s  a t  s a t e l l i t e  v e l o c i t y  results not calculated previously a r e  
as a func t ion  of e n t r y  v e l o c i t y  for i n i -  shown i n  f igu res  29 and 30 for bodies 
t i a l l y  sharp cones of t h r e e  m a t e r i a l s  on with a base radius of lm. The ablation 
cons tan t  a l t i t u d e  en t ry .  of a Teflon nose for VE/Vs = 2.0, 

f igu re  29, has a h i s t o r y  much l i k e  t h a t  i n  f i g u r e  2'7. Figure 30, which 
extends t o  higher en t ry  ve loc i t i e s  than f i g u r e  28, shows t h a t  on b a l l i s t i c  
en t ry  as wel l  as on grazing entry,  nose ab la t ion  can be severe or moderate, 
depending on the  nose material, 

While these estimates should not be regarded as d e f i n i t i v e  ( i n  view of 
the assumptions, appendix E ) ,  they suggest t h a t  optimum conical  en t ry  bodies 
can subs t an t i a l ly  r e t a i n  the  advantages of pointed cones with respec t  t o  
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Figure 29.- Nose rad ius  as a funct ion of 
ve loc i ty  f o r  a Teflon nose on b a l l i s t i c  
en t ry  at  an e n t r y  ve loc i ty  of 2 V,. 

Figure 30.- Nose rad ius  at  s a t e l l i t e  speed as 
a funct ion of en t ry  ve loc i ty  f o r  i n i t i d l y  
sharp cones on b a l l i s t i c  entry.  
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radiative heat input,6 and can have acceptable mass losses at the tip, 
provided high performance ablation materials, such as the assumed vaporizing 
quartz and graphite, can be successfully applied. 

REVIEW OF ASSUMPTIONS 

The present analysis was performed to demonstrate the existence of 
optimum conditions, to define the magnitude of the optimum heat input, and 
cone angles, etc., and to identify the effects of the principal variables in 
parametric fashion, By its nature, such an analysis of a complex problem must 
be approximate, but the simplifying assumptions made to permit analysis 
must not invalidate the results to be obtained. To emphasize this, it is use- 
ful to review and comment on the assumptions made, which are as follows: 

1. The angle between the flight path and the horizontal is small. 
Comment: 
fied on high-speed portions of constant Reynolds number entries. 

Satisfied exactly for constant altitude entry, and very w e l l  satis- 

2. Changes in mass, cone angle, and base radius of the vehicle are small 
during entry and may be neglected. Comment: The cone angle and base radius 
changes are indeed small for cases considered. The mass loss integrated over 
the trajectory is restricted to 0.2 of the mass at entry or less in cases 
pres ent ed. 

3. The drag coefficient is constant during entry. Comment: Should be 
valid in hypersonic speed range for bodies of the class studied. 

4. Laminar boundary layer can be maintained by restricting the local 
Reynolds number below a suitable limit. Comment: Assumption is consistent 
with knowledge of boundary-layer transition processes for nonablating surfaces 
at lower speeds. Its validity at the speeds and ablation conditions of this 
analysis requires experimental study. Considerations of roughness of the 
ablating surface, uniformity of vapor emission with time and over the surface, 
etc., may enter. 

5. The ratio of the Reynolds number evaluated at boundary-layer edge 
properties to that evaluated at free-stream properties is a constant for any 
one angle. Comment: Approximately true, and, as shown in appendix D, the 
constant chosen will yield a local Reynolds number equal to or less than the 
selected limit. 

6.  The density profile of the earth's atmosphere has an exponential 
dependence on altitude. Comment: Not a critical assumption for this analysis. 

. .  . . .  

6A favorable effect of tip blunting is to reduce the convective heating 
rate. 
larger than the boundary-layer thickness, This effect has (conservatively) 
been neglected in the present analysis. 

The reduction is sizable when the shear layer of the body nose becomes 
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7. The heat-transfer coefficients may be represented by equations given 
in the text. Comment: Much of the speed range considered is beyond the range 
of present day laboratory tests. 
ently available theoretical and experimental information, and use best esti- 
mates of high-temperature gas properties. For conical flow, less extrapolation 
of radiative and convective transport properties is required than for stagna- 
tion point flow, since the enthalpy is well below stagnation enthalpy. For 
example, the radiative heating on optimum cones at = 3 is within the 
range of present day experiments on blunt bodies, and should not be in doubt 
by more than a factor of 2. With larger cone angles and blunt bodies, larger 
uncertainty exists in the radiative transfer. For example, the vacuum ultra- 
violet contribution, recently discovered to be important, has not been included 
in the formulas presented, and would increase the heat input for U >1.4 Vs. 
Convective heating is presently believed to be subject to less uncertainty 
than the radiative heating in this high-speed range. 

The equations employed are based on pres- 

8. Flow along streamlines outside the boundary layer may be regarded as 
isoenergetic, that is, flow energy losses by radiation may be neglected. Com- 
ment: The heat-transfer coefficient is defined in terms of the available flow 
energy. Small values of the radiative heat-transfer coefficient therefore 
signify essentially constant energy flow and, from the results presented, it 
is clear that the optimum bodies satisfy the assumption. Nonoptimurn bodies, 
however, may have large values of 
Several cases were analyzed allowing for energy loss along streamlines and one 
is shown in figure 31. The energy input is affected by only a few percent for 
this 60° half-angle cone. 

CH,, and deviate from isoenergetic flow. 

For smaller angle cones, the effect is even less. 

9. Radiative reabsorption in the shock layer may be neglected; that is, 
the shock layer is assumed to be optically thin. Comment: If radiative inten- 
sity at all wavelengths is small compared to that of a black body of the shock- 
layer temperature, the assumption is justified. This appears to be the case 
for the optimum and near-optimum cones analyzed. For large angled cones with 
shock-layer temperatures high enough to produce significant ionization, 

VE = 2.6VS 
p = 3 x W 5  
rb = 3.05 m 

a, = 60" 

I I I I I 
0 a2 0.4 0.6 ae 1.0 

V€ 
V - 

Figure 31.- The effect of a nonadiabatic shock 
layer on the heating of an effectively 
sharp cone of 
altitude entry. 

9 = 600 on constant 
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U > 1.4 Vs, the vacuum ultraviolet 
region of the spectrum becomes impor- 
tant (refs. 16, 1.7) and reabsorption of 
radiation may be an important consider- 
ation. Other atmospheric gases, notably 
those generating CN as a radiating 
species, can also encounter important 
reabsorption at particular wavelengths. 
With air, no such predominant radiators 
are present. 

10. The heat blocking and ablative 
behavior of the heat shield may be sim- 
plified, as represented by equations (9) 
and (18). Comment: This assumption has 
four parts. The form assumed for the 
heat blocking factor $ has been dis- 
cussed in the Analysis and Presentation 



of Results. Although the magnitude of the heat input is affected by the value 
assigned to the asymptote a, the variation of heat input with cone angle is 
unaffected, and the existence and nature of the optimum do not depend on the 
value chosen. Second, chemical reactions at the surface and in the boundary 
layer have been neglected. For the quartz material, this is appropriate, but 
for graphite and Teflon, some chemical reaction must be expected. However, at 
the very high speeds considered, reaction products tend to be dissociated at 
boundary-layer temperatures, and chemical reactions may not be of overriding 
importance. Third, heat reradiated by the ablation shield is neglected. Com- 
parison of the rate at which heat can be reradiated with the heat input rate shows 
that the reradiation is small compared to the heat input rate for surface tem- 
peratures below about 3500° K. This is near the maximum permissible surface 
temperature for any material, so the assumption may be allowed. Fourth, the 
production of ablation vapor is assumed to be a result of convective heating 
only. For cones of near-optimum angle, this is a good approximation. For 
cones of larger angle experiencing large radiative heat input, the transpira- 
tion rates would be higher than calculated, with a moderate reduction in con- 
vective heat input. It is clear that the treatment of the ablation shield is 
approximate, and that some basic understanding of the high velocity behavior is 
still lacking, but it should be adequate to indicate the mass loss and the heat 
blocked to a first approximation. 

11. The heating of partial cones, modified to generate lift, may be 
approximated by analysis of the complete cones from which they are derived. 
Comment: Intuitively, one can see that this will be the case to a useful order 
of approximation. In detail, a number of corrections or modifications to the 
analysis would be required to treat the modified cone. For example, in the 
case of oblique base plane modification described in appendix C, if the mean 
base radius of the upper and lower meridians is regarded as the base radius of 
the analysis, the convective heat input is reduced on the upper meridian and 
increased on the lower meridian in approximately compensating amounts. The 
same is true for radiative input. The Reynolds number limit must be applied 
to the longest (lower) meridian, which decreases the stream density permitted, 
and is perhaps the main effect. Certainly, the magnitude of the over-all 
result will not be greatly affected. 

12. The heating increment on tangential entry into the atmosphere from 
the point of entry to the point of joining the selected constant altitude or 
constant Reynolds number trajectory is equivalent to that obtained by entering 
the design trajectory at full entry velocity. Comment: For vehicles of the 
size, density, etc., considered herein, velocity losses of the order of a few 
percent of VE will, in actual entries, occur before design altitude is 
reached. Since the Reynolds numbers are, in this phase, lower than the design 
value, convective heat input will be increased (eq. (28)), while radiative 
input will be diminished (eq. (22)). 
velocity loss is within one atmospheric scale height of the design altitude, 
so that the convective heat input may be shown to be increased by a factor 
smaller than e1/2. If, in fact, a factor of 2 is allowed on the values of 
CH for this interval, the increment in 7 is typically 0.0002. The 
approximation is therefore satisfactory. 

The altitude range of the principal 
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CONCLUDING FEBKRKS 

The results presented indicate that heat input energy fractions on hyper- 
bolic grazing entries, with acceleration limited to within human tolerance, can 
be limited to about the same levels as on ballistic entries which have no 
acceleration limit. Under the best conditions, corresponding to moderately 
high boundary-layer transition Reynolds numbers, entry may occur at velocities 
up to 3 Vs with less than 1 percent of the initial kinetic energy finding its 
way into the body as heat. Corresponding mass losses of the heat shield may 
be less than 20 percent of the total mass at entry with shield materials of 
high heat of ablation. Conical bodies away from the optimum, of which blunt 
bodies may be considered one extreme, will experience heat inputs many times 
greater than the optimum. 

The optimum bodies are generally swept back to such an extent that the 
radiative heat input is small compared to the convective. An exception to this 
arises if the local Reynolds number must be limited below one million to main- 
tain laminar boundary layer, in which case the radiative input may comprise the 
order of one-third the total heat input at optimum. The total heat input is 
substantially greater in these cases than in the case of higher limit Reynolds 
numbers . 

The determination of the level of Reynolds number for maintaining a 
laminar boundary layer is an important problem requiring experimental solution. 
Not only are the heat input and heat-shield mass loss increased for low values 
of the Reynolds number limit, but the acceleration may be reduced well below 
its limiting value with the consequence that a high lift-drag ratio is 
required. At values of entry velocity approaching 3 Vs, the L/D required 
tends, in any case, toward higher values than can be aerodynamically generated 
by modification of the optimum cones. 
obtain a low Reynolds number will, at such velocities, usually insure that 
insufficient aerodynamic lift is available. 

Lowering the total acceleration to 

For entries into the earth's atmosphere at or below 10 g total accelera- 
tion and with levels of 
half-angle, the maximum entry velocity will be limited to about 3 Vs. Higher 
velocity entry might be accommodated by use of multiple pass entries or by use 
of rocket thrust to supply lift or drag force. 

L/D which can be generated with cones of optimum 

The trajectories selected for analysis tend to give near the minimum 
possible convective heat input by staying near the highest permissible Reynolds 
number. Trajectories on which the Reynolds number is allowed to go far below 
this limit will increase the heat input, as will those that go above it and 
incur a turbulent boundary layer. The constant Reynolds number descent obtains 
the minimum convective heat input exactly, for a given limit Reynolds number, 
cone angle, entry velocity, and ablation shield. If on this trajectory the 
cone angle is selected to make the total heat input a minimum, and if the 



radiative input is found to be small, then the entry may be identified as a 
minimum heat input case with respect to both trajectory and cone angle. 

Ames Research Center 
National Aeronautics and Space Administration 

Moffett Field, Calif., Jan. 7, 1966 

39 



APPICNDIX A 

THE LAMINAR CONVECTIVE HEAT-TRANSFER COEFFICIENT 

The problem of laminar convective heat transfer to nonablating cones at 
very high flight velocities has been investigated theoretically by G. Chapman 
(ref. 10). Chapman finds that his many solutions for a variety of flight 
velocities from 4.5 to 25 km/s, cone angles from 15’ to 600, and wall temper- 
atures from1OOOO K to 4200° K can be correlated by equations of the form 

F - -  Nu - - 
Cw VO’ 36 

where 

PwUeX Rew = - 
IJ.W 

(A3  1 

1 and q is the local heating rate at a distance x from the cone vertex. 
The coefficient F is weakly dependent on wall temperature and surface pres- 
sure (see fig. 3, ref. lo), and takes the following values when V is in 

-1 .~ 

m/s. 0 
Tw, K 

4200 

10.11 

Equation (AI-) may be put in the form of the heat-transfer coefficient used 
herein if the heat-transfer rates over the surface are integrated and the 
integral is equated to the present defining equation of total heating rate at 
zero ablation: 

-. -. _ _  - 

’Some departures from the correlation occur when wall enthalpy approaches 
recovery enthalpy and when the boundary layer becomes highly ionized. 
Chapman (ref. 10) discusses the extent of these deviations and the conditions 
under which they occur. 
importantly affect the optimum conditions of the present analysis. 

It is sufficient here to note that they do not 
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For adiabatic flow 
ht - h, 

ht = h + 
may be replaced by 

CHCo 

V2/2, and furthermore \h - 
V2/2. Hence, 

<< V2/2,  so 

In addition, u,/V may be replaced by cos 8, to a good order of approxima- 
tion, and 

where the wall pressure ratio is converted to the terms in the bracket by use 
of Newtonian theory, and. 
angles considered. Equation (A5) becomes 

V2 sin2 Qc/RT >> 1 for the velocities and cone 

which is of the form of equation (16) with 

From this, it may be seen that C, depends on surface temperature and pres- 
sure, through F and through the air properties at the wall. In neither case 
is the dependence a strong one, however. For example, ,/- increases by 
only 27 percent as T, is lowered from 3000° K to 10000 K, while Zw remains 
very close to 1.0. The conditions chosen for evaluating C, were Tw = 3008K 
and pw in the range from 0.1 to 1.0 atmosphere. With these selections, 

Comparison of equations (16) and (17) with the laminar convective heating 

agree to within about 10 per- 
equations of reference 5 shows that in the lower speed region of that refer- 
ence, V < l3,OOO m/s, the given values of 
cent. The higher speed equation of reference 5 was based on extrapolation of 
a lower speed theory, and underestimates the present results by factors ranging 
from 1.1 at l3,OOO m/s to about 4.0 at 
noted in comparing numerical results of reference 5 with the present results. 

CH,, 

V = 3O,OOO m/s. This fact should be 
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APPENDIX B 

INTEGRATION OF CONVECTIVE HEATING RELATION FOR 

CONSTANT REYNOLDS NUMBER TRAJECTORIES 

For the constant Reynolds number trajectory the laminar convective heat- 
transfer relation, equation (28), may be integrated in closed form for j = 1/6. 

where, for constant Reynolds number, pV = K is constant. The integral may 
be expressed as a sum of two integrals 

The first integral can be evaluated immediately, while the second requires the 
change of variable Y = V2l3, which results in 

The solution to this integral can be found in reference 18 and is 

- 
vc - 2 

KC2l3Y2 t- 2KC1'3 + 1 In 
+ 2  6KC4I3 KC2l3Y2 - K, "3 + 1 

After evaluating this expression at the limits of integration and returning to 
the original variable V, we find 
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( K c V E ~ ) ~ ’ ~  + 2 ( K c V ~ ) 1 ’ 3  + 1 

(KcVE2)2/3 - ( K c V E  
2 113 + 1 

w h e r e  the constant  K has been replaced ’by i t s  d e f i n i t i o n  pv = RelJ./rb. 
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APPENDIX c 

LIFT-DRAG RATIOS OF MODIFIED CONES 

Three ways of generating l i f t  w i t h  cones are known or have been proposed: 
(1) cont ro l l ing  a t t i t u d e  of t h e  unmodified cone; (2)  removing a l l  or p a r t  of  
t he  upper conical  sur face  above a given plane surface; and (3) using an oblique 
base plane. The la t te r  two a l t e r n a t i v e s  are sketched i n  f i g u r e  32. 

\ ,Canted base cone 
,/' k = c o t S  

60 80 I00 
0, or 6. deg 

Figure 32.- Lif t -drag  r a t i o s  of modified 
cones a t  zero angle of a t t ack .  

The f i rs t  a l t e r n a t i v e  i s  the  l e a s t  
a t t rac t ive  f o r  hyperbolic entry,  s ince  
i t  crea tes  crossflow conditions i n  the  
boundary l a y e r  t h a t  are very damaging 
t o  laminar s t a b i l i t y  (see, e.g., 
refs.  1.9 and 20) .  Furthermore, s ince  
t h e  e f f e c t i v e  angle presented by the  
lower surface t o  the stream i s  
and s ince  L/D and at must diminish 
with veloci ty ,  t he  e f f e c t i v e  cone angle 
and drag coe f f i c i en t  diminish during 
en t ry  increasing the  t o t a l  hea t  input .  
A t  any speed, CD i s  less  than i t s  
allowable maximum which i s  d i c t a t e d  by 
the  angle presented on the  lower sur- 
f ace  only. Hence, t h i s  a l t e r n a t i v e  does 
not  recommend i t s e l f  compared t o  the  
other  two. 

8, + at, 

The second a l t e rna t ive ,  proposed 
i n  reference 21, provides the  maximum 

l i f t - d r a g  r a t i o  i n  the  l i m i t i n g  case of t h e  ha l f  cone. That r a t i o  i s  shown 
as a funct ion of cone angle i n  f igu re  32. Any smaller value of L/D down t o  
zero may be se lec ted  by canting the plane of t he  upper surface a t  an angle 
fac ing  the  stream. I n  t h e  absence of sk in  f r i c t i o n  and base drag, t h i s  modi- 
f i c a t i o n  gives i n f i n i t e  L/D a t  = 0. Cases of present  i n t e r e s t ,  f o r  
example, 8, = 30°, have maximum L/D up t o  1.1. Crossflow a f f e c t s  t h i s  con- 
f igu ra t ion  along the  in t e r sec t ion  of the  plane surface with the  conical  sur -  
face,  where a pressure jump exists l a t e r a l l y  ( i n  the  case of a rounded 
in te rsec t ion ,  d i s t r i b u t e d  t o  give a la te ra l  pressure grad ien t ) .  
boundary l aye r  might be expected t o  appear f i r s t  along t h i s  region and t o  
spread over the adjoining surfaces  at appropriate  Reynolds numbers. The con- 
vect ive heat ing of the  upper surface imposes a penal ty  not considered quant i -  
t a t i v e l y  i n  the  ana lys i s .  The estimation of the  heat ing of the  upper sur face  
poses some t h e o r e t i c a l  problems i n  the  presence of a blunted t i p  and the  
crossflow phenomenon described above. 

Turbulent 

The t h i r d  a l t e rna t ive ,  proposed i n  reference 22, w a s  inves t iga ted  by 
means of Newtonian theory i n  reference 23, and the  results f o r  l i f t - d r a g  r a t i o  
a r e  a i s o  shown i n  f igu re  32. 
base plane i s  the  same as f o r  a f l a t  p l a t e  inc l ined  a t  the  base angle t o  the  

The l i f t - d r a g  r a t i o  of t he  cone with an oblique 
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stream, t h a t  i s ,  L/D = cot  6. A s  6 + 0, L/D becomes very la rge .  However, 
f o r  bodies enclosing a rea l  physical  volume, 6 must be g rea t e r  than eC, so 
t h a t  f o r  
f u l l y  p r a c t i c a l  case, which would have the  same 
namely, 1.1. Bodies of this  cone angle w i t h  a usefu l  volume arrangement might, 
i n  f a c t ,  be r e s t r i c t e d  t o  l i f t - d r a g  r a t i o s  of 0.8 or l e s s .  
should, however, be f ree  of crossflow e f f e c t s ,  except those occurring behind 
the  vehicle  base, and may present  t he  b e s t  p o s s i b i l i t y  f o r  r e t a in ing  laminar 
flow over the conical  heat  sh ie ld .  It i s  a l s o  the c loses t  of the three  a l ter-  
nat ives  t o  the  assumptions of the  heat ing ana lys i s ,  which treats a pure cone 
a t  zero angle of a t tack .  

8, = 30°, a base angle of 42' would comprise a very t h i n  and doubt- 
L/D as the  30' half  cone, 

This modification 

With a l t e r n a t i v e s  (2 )  and ( 3 ) ,  t he  method of reducing the  component of 
i n  the  v e r t i c a l  plane as ve loc i ty  diminishes along the  t r a j e c t o r y  i s  t o  

t i m e s  the  cosine of t he  roll angle equals the  
L/D 
roll t he  vehicle  u n t i l  L/D 
L/D required.  
l a t i o n  symmetrical about the pos i t i on  f o r  v e r t i c a l  l i f t  vector i s  followed, 
the  amplitude determining the  v e r t i c a l l y  e f f ec t ive  component of L/D. The 
angles of p i t c h  and s i d e s l i p  of t he  vehicle  are ( i d e a l l y )  zero throughout 
entry,  s implifying the  theo re t i ca l  treatment of heating. 

To prevent l a t e r a l  curvature of t he  f l i g h t  path, a roll o s c i l -  
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APPENDIX D 

DEVELOPMENT OF TRAJECTORY RELATIONS 

In this appendix, the first section develops the equations for 
acceleration-limited, Reynolds number-limited constant altitude flight; the 
second develops the equations for constant Reynolds number descent; and the 
third defines the relationship between local and free-stream Reynolds numbers 
on cones in hypervelocity flight. 

EQUATIONS OF CONSTANT ALTITUDE DECELERATION 

The lift force required to maintain circular flight above satellite 
velocity is given by 

L = [(v/vs)2 - 11w 

from which it follows that the lift-to-drag ratio is 

For zero dynamic pressure 
for the lift force remains, while the drag has gone to zero (note asymptotic 
behavior of the curves in figure 3). 
on 

q,, L/D is required to be infinite, since the need 

To fully display the effect of velocity 
L/D, equation ( D 2 )  is written 

where the factor on the right is a constant for a given vehicle and altitude, 
and may be identified as the 
vehicle and altitude. 

L/D required at infinite velocity with this 

The altitude is selected to maintain specified limits on the total 
acceleration and Reynolds number. The axial acceleration may be written as 

while the component radial to the earth is the centripetal acceleration 

2 

= (6) 
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so the total acceleration is 

g J  J ’  
By equation (D3), this may be written entirely in terms of V and LID. 

a 
63 
- =  

which is solved for LID to yield equation (30) of the text. The maximum 
value of a/g occurs when V = VE and, in acceleration limited cases, is set 
equal to the limit value of acceleration, aZ/g. The L/D varies after entry 
with velocity according to equation (D3), while the acceleration decays accord- 
ing to equation (D6). 
attains the limit value may be obtained from equation (D6). 

The stream density at which the peak acceleration 

If, on the other hand, the altitude is determined by the Reynolds number 
limit, then at entry onto the constant altitude trajectory, when Reynolds 
number is maximum, 

where the subscript E identifies fluid properties at the boundary-layer edge 
and S is the slant length of the cone. As will be shown, to a good order of 
approximation, in the following equation 

k = k(U) only. 
for U < Vs and diminishes to 1.3 at U > 1.3 V,. Through equation (DlO), 
equation (D9) may be written in terms of free-stream variables as 

The parameter k(U) has an approximately constant value of 2 

Rez = tan e, 

and the free-stream density determined by the Reynolds number limit is 
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tan eC p 
p = Re2 

vErb 
Thus, with the density for the acceleration.limit defined by equation ( D 8 )  and 
for the Reynolds number limit by equation ( D 1 2 ) ,  the value selected to observe 
both limits is the smaller of the two. 

EQUATIONS OF CONSTANT RFYNOLDS NLTMBER DESCENT 

The condition that p,u,S/pE remain constant along the trajectory 
requires that pvrb/p be approximately constant also.  If we assume that 
variations in the stream viscosity with altitude may be neglected, and that 

rt, is not appreciably diminished by ablation in flight, then by equation ( D 1 0 )  

and equation (5) which, for small path angle 
the trajectory becomes 

y ,  governs deceleration along 

1 dV CDA K 
7 ' d t = - - -  m 2  

so that 

and 

'DA K 
m 2  

- - -  

- e  V - -  
VE 

Similarly, in terms of x as independent variable, 

CDA K - -  _ - - -  dV 
dx m 2  

C A  
V = V ,  - - -  K x  

m 2  

The rate of descent through the atmosphere implicit in equations ( D l 3 ) ,  
Assume, following reference 1, ( D l 5 ) ,  and (Dl-7)  may be obtained as follows. 

that 

-PY 
P= e 
PO 
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By ( D l 3 )  and ( ~ 1 8 ) ,  

-"V = K 
POe 

Eliminating V between ( D 1 5 )  and ( D l 9 )  gives 

or 

'oVE 2n - P y + y - - ~ t = 2 n - =  CDA K ovE 
K PV 

Equation ( D 2 1 )  shows that the rate of descent is steady, as can be made clear 
by taking the derivative to obtain 

CDA K dy- -- v Y = - - -  dt m 2B 

The flight-path angle is obtained as a function of the velocity from 

Planet center 

and may also be obtained as a function of 
t or x by use of ( D l 5 )  or ( D l 7 ) .  

The lift-to-drag ratio required to 
follow this path and the accelerations 
experienced may be derived as follows. 
The motion is not circular about the 
center of the planet, and to find L/D, 
we must consider the actual flight-path 
curvature. The notation employed is 
indicated in sketch (b). 
instantaneous center of curvature 

About the 

The angle y '  is measured relative to 
the reference direction C - 1 ,  while the 
local flight-path angle y is referred to 
the local tangent to the planet's surface. 
From the sketch 

Sketch (b) 
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Since dE, is a differential, we may write 

Rp d( = ( ~ X ) C O S  ( D 2 6 )  

which is combined with ( D 2 4 )  and ( D 2 5 )  and solved for R to obtain 

By Newton's second law of motion 

w cos y + L = mV2 e+&) 
from which, noting that gRp = Vs2, 

= (GY (Rp 2 + COS y - cos y ) 
By equations (D23) and (Dl7) 

and by differentiation of (D3O) 

- -  dy - P sin y tan y 
dx 

s o  (D29) may be written for the constant Reynolds number descent 

) 
2 

= (e) (pRp sin y tan y + cos y - cos y 

By the definition of drag coefficient 

and L/D is obtained by dividing (D32) by (D33): 



For small y, cos y = 1, sin y = tan y = Vy/V, and we may write 

With V = 0, this reduces to the expression for constant altitude flight, 
equation (D2). 
relating the factor outside the bracket to 

Y With nonzero Vy, a further reduction is accomplished by 
through equation (D23). Vy/V 

Thus, the L/D 
rate, while the descent rate has a known dependence on the vehicle parameters 
and the constant Reynolds number selected. 

required is obtained as a function of velocity and descent 

The axial acceleration is given by equation (D4). The transverse acceler- 
ation for small y is, by (D27), (~28)~ and (D3l), 

which may be compared with equation (D5). The total acceleration is given by 

RELATIONSHIP BETWEEN LOCAL AND FREE-STREAM REYNOLDS "BER 

The ratio of the local Reynolds number based on edge properties and slant 
length to the free-stream Reynolds number, referred to base radius, may be 
written 

For a thin hypersonic shock layer 

U€ 0 

V 
- -  - COS ec 

and from the cone geometry, S/rb = l/sin 8,. Furthermore, 

pE . P(V sin eel2 = - -  - 
'G RT,Z, R W €  
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so equation (D39) becomes 
2.4 r 

A l l ,  km 

o*8[ ; '" I 
0.4 54.9 

I I I 
0 2 4 6 0 IO 12x103 

Normal velocity, U. m/s 

Figure 33.- Ratio of loca l  to free-stream 
Reynolds number for cones in hypervelocity 
flight. 

2 

(D40 1 Re, (v  sin e,) 1-1 cos e, 
Re RT,Z, 1-1, sin 8, 

- - -  - 

In figure 33, the ratio (Re,/Re)tan 8, 
is plotted as a function of normal 
velocity component, V sin ec, over the 
range from 5 to 12 km/s for altitudes 
ranging from 42.7 to 61 km. 
dynamic properties were evaluated with 
the aid of reference 24, and refer- 
ence 25 was used for the transport 
properties. 

The thermo- 

The flight conditions shown in 
figure 33 are representative of those 
for near-optimum bodies. If Reynolds 
nwnber ratio is written as 

- tan e, = k Re 

then, k 
at U = 10 km/s. 
has been used throughout the analysis. Use of this value of k at the higher 
values of U has the effect that for a given value of Re, Rec is less than 
the limit Reynolds n d e r  which is being imposed. 

2 for normal velocities from 5 to 8 km/s and decreases to about 1.3 
In order to be conservative, and for convenience, k = 2 
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APPENDIX E 

ANALYSIS OF NOSE ABLATION 

The heating rate per unit area at the stagnation point of a blunted nose 
may be written 

dHs t 1 
CHst Pv3 - =  

dt 

where C H ~ ~  is the dimensionless local stagnation-point heat-transfer coeffi- 
cient consisting of a laminar convective and a radiative component. The con- 
vective component may be mitten, based on theoretical results given in 
reference 26, as 

where the constant 3.65~10-~ has the dimensions (kg/r2)1’2, and 
the reduction in heating due to transpiration and is assumed to be given by 
equation (18) . 

$ represents 

The radiative component may be written, assuming the shock layer is 
optic’ally and physically thin, 

where Ce is given in the text and 6 is the shock-wave standoff distance 
at the stagnation point, given for spherical noses (ref. 27) by 

6 = 0.78 rn - P 
p 2  

is the gas density behind the shock wave, and is, for equilibrium ’ p2 Here 
shock layers, a function of p and V only. The heat-transfer coefficient 

is thus a function of ambient density, velocity, and nose radius. 
of mass loss at the stagnation point may be written 

The rate 
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and the rate of surface regression is 

m 8 - -  
- Apb 

so that, by (E6) and (El), 
1 3  

‘HSt pv 
xn = 

pb 

The follow-ng assumptions are now made: ( ) The nose is originally a 
sphere segment of small finite radius and remains spherical during ablation. 
(2) Deviations of the heat transfer from that given by the above relations, 
due to deviations from chemical and thermodynamic equilibrium, are small. 
(3) Energy release and surface erosion due to chemical reactions of the abla- 
tion materials with atmospheric gases may be neglected. 
removed by spallation. 

(4) No material is 

Under the assumption of spherical blunting, the rate of increase in nose 
radius may be related to the rate of surface regression at the stagnation 
point 

so that 

sin 8, ?n = 2 n 1 - sin 

[pb 1 - sin 
Given the trajectory relations, which define the variations of p and V with 
time, and the heat-transfer coefficient, equations (E2) through (E5), equa- 
tion (E10) may be numerically integrated to obtain the nose radius as a func- 
tion of time during entry. 
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